NEUMANN BOUNDARY VALUE PROBLEM FOR GENERAL CURVATURE
FLOW WITH FORCING TERM

LING XIAO

ABSTRACT. In this paper, we prove long time existence and convergence results for a class
of general curvature flows with Neumann boundary condition. This is the first result for the
Neumann boundary problem of non Monge-Ampere type curvature equations. Our method
also works for the corresponding elliptic setting.

1. INTRODUCTION

This paper, we consider the deformation of convex graphs over bounded, convex do-
mains {2 C R", n > 2, to convex graphs with prescribed general curvature and Neumann
boundary condition. More precisely, let X(t) = {X = (z,u(z,t))|(z,t) € Q x [0,T)},
we study the long time existence and convergence of the following flow problem

uw=w(f(k[2()]) — P(z,u)) inQ2x1[0,7)
(1.1) u, = o(x,u) on 02 x [0,7T)

U|t:0 = Ug in Q,

where @, ¢ : ) x R — R are smooth functions, v denotes the outer unit normal to 952, and
ug : Q — R, is the initial value. The flow equation in (1.1) is equivalent to say X satisfies

X = (f(k[Z@)]) - ®)n,

where n is the upward unit normal of X(¢).

We are goint to focus on the locally convex hypersurfaces. Accordingly, the function f
is assumed to be defined in the convex cone I'}s = {\ € R™ : each component \; > 0} in
R"™ and satisfying the fundamental structure conditions:

9f(N)
o\

(1.2) filh) = >0inlF 1 <i<nmn,
and

(1.3) f is a concave function.
1
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In addition, f will be assumed to satisfy some more technical assumptions. These include

(1.4) f>0inT} f=0o0ndl},
(1.5) [, 1) =1,

and

(1.6) f is homogeneous of degree one.

Moreover, for any C' > 0 and every compact set £ C I';7| there is R = R(E,C) > 0 such
that

(1.7) FOMy - A, An + R) > C,VA € B,

An example of functions satisfies all assumptions above is given by f = % [Hn% + (H,/H, l)ﬁ )
where H, is the normalized [-th elementary symmetric polynomial. However, we point out
that the pure curvature quotient (H,, /H, l)ﬁ does not satisty (1.7).

Since for a graph of u, the induced metric and its inverse matrix are given by

w2
where w = /1 + | Dul?. Following [2], the principle curvature of graph u are eigenvalues
of the symmetric matrix Afu] = [a;;] :

ik, Al
(19) Qjyj = ——, where Y k— 61‘]’ — w(1+liu)'
The inverse of 7% is denoted by 7;;, and

Ui Uk
(1.10) i = 0T

Geometrically [7;;] is the square root of the metric, i.e. v;xVk; = ¢;;- Now, for any positive
definite symmetric matrix A, we define the function F' by
F(A) = FA(A)),
where A\(A) denotes the eigenvalues of A. We will use the notation
8aij ’ 8aij8akl
The matrix [F/(A)] is symmetric and has eigencalues fi,-- - , f,,, and by (1.2), [F¥(A)] is

positive definite. Moreover, by (1.3), F' is a concave function of A, that is

Fiok (A)&i&m <0,

F(A)

for any n x n matrix [§;;].
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We rewrite equation (1.1) as following

i =w (F (M) - @(m,u)) inQ x [0,T)

w

(1.11) u, = (x,u) on 92 x [0,7T)
Ul—o = U in ),

We will prove

Theorem 1.1. Let Q) be a smooth bounded, strictly convex domain in R". Let ®, p : {1 x
R — R, be smooth functions satisfy

(1.12) ®>0and ®, >0,

(1.13) . < ¢, < 0.

Let ug be a smooth, convex function that satisfies the compatibility condition on 0S):
(1.14) V' — go(x,u)’tzo = 0.

Moreover, we assume

(1.15) f(K[E0]) — @(z, up) = 0,

where Yo = {(x,uo(x))|z € Q}. Then there exists a solution u € C*(Q x (0,t)) N
Cot2142/2(Q x [0,t)) of equation (1.11) for all t > 0. As t — oo, the function u(x,t)
smoothly converges to a smooth limit function u*°, such that u* satisfies the Neumann
boundary value problem

ik, 00417
F(u) _ 0w inQ

(1.16) w

u’ = @z, u>)  on 09,

v

where v is the outer unit normal of 0f).

Remark 1.2. The short time existence for equation (1.11) comes from Theorem 5.3 in [6]
and the implicit function theorem.

By applying short time existence theorem, we know that the flow exists for ¢t € [0, T*),
for some 7™ > 0 very small. In the following sections, we fix 7' < T™, and establish the
uniform C? bounds for the solution u of (1.11) in (0, T']. Since our estimates are indepen-
dent of 7', repeating this process we obtain the longtime existence of equation (1.11).
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Neumann boundary problem has attracted lots of attetions through these years. In par-
ticular, the existence for equations of Monge-Ampere type was studied in [7] in the 80s’;
later Jiang, Trudinger, and Xiang [5] addapted and developed the methods in [7] to a gen-
eralized Monge-Ampere type equation with Neumann boundary condition. Recently, Ma
and Qiu proved the existence of solutions to o, Hession equations with Neumann boundary
condition in their beautiful paper [8], in this paper they solved a long lasting conjecture by
Trudinger in 1986. The Neumann boundary problems for parabolic equation have been
wildly studied too. For example, mean curvature flow with Neumann boundary condition
have been studied in [1, 3, 10]; Guass curvature flow with Neumann boundary condition
have been studied in [9].

Our paper is oganized as follows: In Section 2 we prove the uniform estimate for 1,
which also implies the convexity for u(-,t),¢ € [0,7]. This is used in Section 3 to derive
the C° and C* estimates. Section 4 is the most important section, in which we derive the C?
estimates for u. Finally, in Section 5 we combine all results above to prove the convergence
of solution of (1.11) as t — oc.

2. SPEED ESTIMATE
Lemma 2.1. As long as a smooth convex solution of (1.11) exists, we have
(2.1) min{rtn:igl 0,0} <u < max{r?:aox u,0}.
Proof. If (11)? achieves a positive local maximum at (x,t) € 992 x [0, T] then at this point
we would have
(2.2) ()2 = 24, = 2(i)*p, <0,

which leads to a contradiction. Thus, we assume (1)? achieves maximum at an interior
point. Now let’s denote

B iky A lj
G(D*u, Du,u) = wF (M) —wd(x,u)
w

and 7 = (1)?. Then, a straight forward calculation gives us

(2.3) i = Gry — 2G900; + Gory 4 2G,r
Since
(2.4) G, = oG _ —wd, <0,
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we have
(2.5) i — G — G°rg < 0.

By the maximum principle we know that a positive local maximum of ()% can not occur
at an interior point of 2 x (0, T']. Therefore, we proved this Lemma. U

Lemma 2.2. A solution of (1.11) satisfies i > 0 fort > 0if0 % 4 > 0 fort = 0.

Proof. Since
(2.6) i = G(D*u, Du, ),

differentiating it with respect to ¢t we get

d o 5 s
(27) %ut =GY (Ut)ij + GS(Ut)S + Guut.

Therefore, for any constant A\ we have

d o B N
(2.8) a(ute’\t) = G (ue™)ij + G (upe™)s + G (ue™) + Auge.

We fix t, > 0 and a constant A such that A + G, > 0 for (z,t) € Q x [0, %,]. By the strong
maximum principle we see that u;e** has to vanish identically if it vanishes in  x (0, to),

which leads to a contradiction.
If use = 0 for (z,t) € 9Q x (0,t), then we would have

(2.9) (ute)‘t)l, = goz(ute’\t) =0

contradicts the Hopf Lemma. U

Remark 2.3. Lemma 2.2 impies that, if we start from a strictly convex surface > satisfies
(1.15), then as long as the flow exists, the flow surfaces () are strictly convex and satisfies
FRIE(0)]) = @(2u) > 0.

3. C% AND C! ESTIMATES

The strict convexity of u and the fact that (-, z) — —oo uniformly as z — oo implies
that « is uniformly bounded from above. By Lemma 2.2

(3.1) u(z,t) = u(x,0) + /Otu(x,T)dT > u(z,0)

we know wu 1s bounded from below as well. To conclude, we have
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Theorem 3.1 (C° estimates). Under our assumption (1.15) on g, a solution of equation
(1.11) satisfies

(3.2) lu| < Cy,
where Cy = Cy(ug, p).

Theorem 3.2 (C'! estimates). For a convex solution u of equation (1.11), the gradient of u

remains bounded during the evolution,
(3.3) | Du| < Ch,
where Cl = Cl(‘u|co, Q, QO)

Proof. The proof is the same as Theorem 2.2 in [7], for readers convenience we include it
here. By the convexity of u we have for any ¢ € [0, 7]
(3.4) max |Du(-,t)| = max | Du(-, t)].

Let xy € 02 and let 7 be a direction such that v- 7 = 0 at zy. Let B = Bg(z) be an interior
ball at x, L be the line through z in the direction of —v, and L intersects B at . Then

z = (@9 + yo), we also let y be the unique point such that ‘z:; =T
Now let w be an affine function such that w(zg) = u(zo,t) and Dw = Du(zo,t). Then

w < wu(zr,t), r € Qand

(3.5) = u(xg,t) + Du(zo, 1) - z_—

w(y) —w(z) < u(y,t) — u(zo,t) + MiR < 2Cy
ly =z ~ R TR

Since 7, x¢, and ¢ are arbitrary, we are done. Ul

+M,.

4. C? ESTIMATES

First of all, we will list some evolution equations that will be used later. Since the
calculations are straightforward, we will only state our results here.
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Lemma 4.1. Let u be a solution to the general curvature flow (1.11). Then we have the
following evolution equations:

(i) = —2(F = ®)hy,

(ii)in = —g'(F — ®);7;,

(i) 4n™ ™ = — g (F — ®)u;,

(vi)&h] = (F — ®)] + (F — ®)hfhy,

where g;;, h;; are the first and second fundamental forms, n is the upward unit normal to
S(t), n"tt = (n, ") and b} = g% hy;.

4.1. C? interior estimates. In this subsection, we will prove the following theorem.

Theorem 4.2. Let X(t) = {(z,u(x,t))|z € Q,t € [0,T]} be the flow surfaces, where
u(z, t) satisfies equation (1.11) and

n"tt > 2a > 0 0n X(t),Vt € [0, T).
For X € 3(t), let kuyax(X) be the largest principle curvature of ¥.(t) at X. Then

Rmax
(41) I%Eix m < 02((D7 ‘u|01) (1 + %lg;( /imax) )

where Qp = Q x (0, 7.

Proof. Let’s consider

'%max
My = max — ™
QT l’ln+ —a

we assume M, > 0 is attained at an interior point (z,%y) € € x (0,7]. We can choose a
coordinate such that K = Kmax, ] = K;0;;, and g;; = d;; at (xo, o). In the following, h;;,
h] means the same.

At (g, p), 1 = —4L— achieves its local maximum. Hence at this point we have

n?tl—q
h ; ; n+1
4.2) ne V't

hll n*tl — ¢

Moreover, by Lemma 4.1

Dy P _hnit
@43 O wt-a (am—a)
' 1 hiy
- Il”+1 —a {VHF - Vll<I> + (F - (I))/f%} + (Ianrl——a)2<F — (IJ)ZuZ
Since

(44) qu) = (I)mwl ($, u) + 2(I>zu1 + (I)ZUH,
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4.5)

and

(4.6)

LING XIAO

Viu = <X> €n+1>11 = <h11n,€n+1> = hllnn+17

vllF = Fijhijll + Fij7rshij1hrsl
= FY(hi1i; — hiyhij + haghighar) + F7"hijihyg.

Combine (4.3)-(4.6) we get at (o, to)

4.7)

which yields,

(4.8)

thus

4.9)

9 ii
az/} — F"V

1 . .
ot —a {F”hu‘ll + F7" hijihpsy — V@ + (F — @)k }
hia Fhyy h11 i
5 (F — ®);u; — Frnpt!
(n"t! — q)2 5 ( )itti ntl—q | (ot —q)?
1 ii (1,2 2 Fij’mhijlhrﬂ
= g g (g — Py ha) + — =
Vi@ (F — ®)x7 hiy
ot — g + n"tl — g + (1 — a)? (F' = ®);u;
h11
+ MF” ( thmuk - h?in”H)
—ah11 f 2 (I)/{% Fij,TShijlhrsl
T (ntl —q@)27 " nntl—gq n"tl —q
C O, rn" K1
+ s s (n+1 — q)? (@i + Poui)us,
( inf CID) K3
—akq 2 Qx[—Co,Co)
0 i —gelvi = o, TR

K1 < C= C((I), ‘U|Cl).

Therefore we conclude that

(4.10)

Hmax
max ———— < Oy [ 1 + max Kmax | -
Qr n"tl —¢q A
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4.2. C? boundary estimates. We use v for the outer unit normal of 9 and 7 for a direc-
tion that tangential to 0€2. By the exactly same argument as Lemma 4.1 of [9] we have

Lemma 4.3 (Mixed C? estimates at the boundary). Let u be the solution of our flow equa-
tion (1.11). Then the absolute value of u,, remains a priori bounded on 0S) during the
evolution.

Now we consider the function
4.1) V(w, &,t) = uge — 2(€ - 1)E/(Dip — DyuDiv®),

where ¢’ = £ — (£ - v)v. By Theorem 4.2, we may assume V' (x, £, t) achieves its maximum
at (o, ty) € 99 x (0,T], otherwise, we are done.

We will devide it into 3 cases.

(i). ¢ is tangential. Computing the second tangential derivatives of the boundary
condition we obtain
(42) DkU5i5ij + (51-1/]“(5]-Dku + 5ij5kau -+ deiéjDku = (SZ’(SJ'QO,
where §; = (6;; — v'1/7) D;. Therefore at (z¢, to) we have

Degyu = kaiijiij
< =2(6:/F) Djpu&i&; + (0:7)&&; Dyyu + 0. Dijuéi&; + C.

Next since V' attains its maximum at (xg, to) we have

(4.3)

(4.4) 0< D,V =ug, — apDyyu — (Dyag)Dyu — D,b,
where aj, = 2(¢ - v)(p.€, — ED;v*) and b = 2(€ - v)€,p,, . Thus, using Lemma 4.3
4.5) Uger > a, Dyyu — C = —C)|
combine with (4.3) yields
(4.6) —2(8:VF) Djrué&i&; + (7)) jun — cpDiju&i€y + C > —C.
Therefore we have
4.7) Decu(zo,t9) < C(1+ Dyyu(zo, to)).
(i1)¢ is non-tangential. We write { = a7 + fv, where a =& -7, f = £ - v # 0. Then
Deeu = oz2D3Tu + 82D, u + 2a8D.,u

4.8
( ) = CY2D7-7—U + 52D,,,/U + V/(xa 5)7
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where V' = 2(€ - v)&l(Dyp — DyuD;v*). Thus we get,
V('xO? 57 tO) = QQV(:C()? T, tO) + 52‘/('%.()7 v, tO)

4.9) 9 9

S o V(I()? 57 tO) + /8 V(.To, v, tO)?
which yeilds
(410) U&(l’o, to) S C(l —+ ul,l,(l’(], to))

(iii)Double normal C-estimates at the boundary. Let’s recall our evolution equation

i—wl|r <u> - a(e.u)

4.11) w
u, = p(z,u)
In the following we denote

G(D*u, Du) = F (M) ,
w

then we have

iy oG 1 o

4.12) GY = - _Fklvlkvlj,
8Uij w

T .
C Ou, w? w(l +w)

(4.13) G*: Fa (wupy™ + ujy™).
By the positivity of [a,;], it’s easy to see that
(4.14) Z |G| < CF < Cy.

Now, let ¢(z) = —d(x) + Nd*(z), then ¢ € C* in Q,, for some constant y < ji small
depending on €2, and Ny < 1. Since

—Dd(yo) = v(zo)
where zy € 0S2 and dist(y,, 02) = dist(zo, yo), ¢ satisfies the following properties in 2, :
1
(4.15) —pt+ Np* <q<0; 5 < [Dgf <2.

It’s also easy to see that ‘g—g' = v for unit outer normal v on the boundary.
Next, let

(4.16) M = max u,,
00 x[0,T]
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and Q(z,t) = Q(z) = (A+ 1 M)q(x) in Q,, where y, A, N are positive constant to be
chosen later. We consider the following function

(4.17) P(2,t) = Du-Dg— o —Q

Lemma 4.4. For any (z,t) € Q,, x [0,T), if we choose A, N large, j small, then we have
P(z,t) > 0.

Proof. First, let’s assume P(z, t) attains its minimum at (zo, to) € €2, % (0, T and w;;(zo, to) =
wi; (o, to)d;;. Differentiating P we get

(4.18) P = Z Uy q; + Z wq — i — Qi
! ]
(4.19) Py = Z ujq + 2 Z U qy + Z Wqi; — Pij — Qijs
! ) )
and

Fi=Du-Dg—¢—Q

(4.20) = [w(F — ®))iq — pous = [w(F — ®)]iq — p.w(F — ).

Therefore at (g, ty) we have

1 -
—P,— GP,
w

1 .
= E[W(F — O)igr — p(F = @) = GI(_wiga +2 ) wiqy;
z !
1 y
4.21) + Dy — i) + (A+ S M)GYg;
.
w

1 )
= —[w(F = ®)liq — p-(F — @) = G" Y " way
l

— 2G"wiiqii — G + G i + (A + §M)G“qz‘i-
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This implies at (o, to)

1 )
0> PGP,
w
F—-®) wu
:( w ). llquFqul—‘I’zC]l—%(F—‘b)
(4.22) ) ) ) )
-G" Z wiqr — 2G" w5 — Z G"wquii + G (Pua; + 200, 2U; + ©2U;;)
! I
1 i

Since G(D?u, Du) = F we have

(4.23) Gugj + GPug = F,

which gives us

(4.24) P — GPuijg = G*uaq.

By (4.14) we have

(4.25) G ugq| = |Gluyq| < CL(M +1).

Moreover, by the speed estimate (2.1) and the gradient estimate (3.3) it’s easy to see

F—2 wuyg

(4.26) || + + 0, G| < CyM.

Now, by the convexity of 0€), we can assume

(4.27) 2kobap < —dop < k10ap, 1 <a,f <n-—1.

Thus in €2, we have

(4.28) (k1 +2N)bi; > qij = —dij + 2Ndd;; + 2N d;d; > kodyj,

where 1 < 17,7 < n. We get

(4.29) 12G  usiqis| < Cs(ky + 2N).

Since

(4.30) Giji = —dij + 2Nddy; + 2Ndd;j + 4ANd;d;,
we get

(4.31) |gijt| < C(|09]cs) + 6NFy.
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Therefore
(4.32) |G wgui| < (C(|0Qcs) + 6Nki) C1 Y GY,
consequently we have
(4.33) |GiiuIQZii + Gii(@mimi +2¢,,u;)| < (6'4 + 66’5]\”@1) Z G".
To conclude we obtained

0> lj)t — G"Py
w
(4.34) > —CoM — C(M + 1) — Cs(ky +2N) — (Cy + 6C5Nky) Y - G"
+(A/2+1/4M)ko Y~ G" + (A/2 + 1/4M)G(Dq, Du),

here we used the concavity of f, which gives us GY(D?u, Du)g;; > G(D?q, Du). By
Lemma 2.2 of [4], we may choose N sufficiently large such that
(4.35) %G(qu, Du) > 2C, + Cs,
then we choose A such that

(4.36) EOA > Cy(ky +2N) + Cy + 6N Csk;.

Substitute (4.35) and (4.36) to (4.34) we get

1 .

at (xo, to), leads to a contradiction.
Finally, since for any (z,t) € 02N, x [0,T] we have
P(z,t) = 0.
For (z,t) € 09, \ 092 x [0,T] we have

~ 1 1

when A > % Moreover, when A > C7 = Cr(|ug|c2, |¢|c1), we have for 2 € Q,,
P(z,0) > 0.

Thus, choose

2[Cy(ky + 2N) + Cy + 6NCsky] 265 -
+ =+
ko "
we have P(x,t) > 0in Q, x [0,T. O

A:
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Theorem 4.5. Let () be a smooth bounded, strictly convex domain in R™, u is a smooth
solution of (1.11), v is the outer unit normal vector of 0S). Then we have

(4.38) max u,, < C.
o0 x[0,T

Proof. Assume (zg,ty) € 0 x [0,7T] is the maximum point of w,, on 9 x [0,7]. By

Lemma 4.4 we have

1
0> P,(20,t) = (Z U qr + W — ov) — (A+ -M)g,

2
(4.39) l 1
2w~ Clluler, N, 9o loler) — (A-+ M),

Therefore we have,

1
(4.40) max u,, <C+ -M,
0% [0,T 2

which implies (4.38). O

5. CONVERGENCE TO A STATIONARY SOLUTION

Let us go back to our original problem (1.11), which is a scalar parabolic differential
equation defined on the cylinder Qr = Q x [0, 7] with initial value ug. In view of a priori
estimates, which we have estimated in the preceding sections, we know that

(5.1) |D?u| < C,
(5.2) |Du| < C,
and

(5.3) lu| < C.
Therefore,

F is uniformly elliptic.

Moreover, since F' is concave, we have uniform C?7*(Q) estimates for u(-, t),Vt € [0, T].
We can repeat the process and conclude that the flow exists for all ¢ € [0, 00).
By integrating the flow equation with respect to ¢ we get

"
(5.4) u(z, t*) — u(x,0) = / w(F — ®)dt.
0
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In particular, by (5.3) we have
(5.5) / w(F — ®)dt < oo VY € Q.
0

Hence for any x € () there existes a sequence t;, — oo such that F' — & — 0. On the other
hand, u(z, -) is monotone increasing and bounded. Therefore,

(5.6) tlgglo u(z,t) = u>(x)

exists, and is of class C*°(£2). Moreover, u* is a stationary solution of our problem, i.e.,
FR[E]) = D(a,u™) and u = ¢z, ).
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